Abstract Mapping and invertibility properties of some parametrix-based surface and volume potentials are studied in Bessel-potential and Besov spaces. These results are then applied to derive regularity and asymptotics of the solution to a system of boundary-domain integral equations associated with a mixed BVP for a variablecoefficient PDE, in a vicinity of the curve of change of the boundary condition type.
Introduction
This paper is the second part of the paper [6] , where we analysed four versions of BoundaryDomain Integral Equation System (BDIES) to which a mixed (Dirichlet-Neumann) boundary value problem for the heat transfer equation with a variable heat conductivity coefficient can be reduced, and gave a full description of existence, uniqueness, and operator invertibility in appropriate Sobolev spaces.
In the present paper, we first discuss properties of surface and volume potentials, constituting the BDIES, in the Bessel potential spaces H s p and in the Besov spaces. Then we use these properties to analyse regularity and asymptotic behaviour of the BDIES solutions.
A motivation for analysis of boundary-domain integral equations, and used notations can be found in [6] . To simplify references, we will precede numbers of sections, equations and statements from [6] by I.
Boundary value problem with variable coefficient and parametrixbased potentials
Here we recall some necessary material from [6] . Let 
In this paper we will continue investigation of the Boundary-Domain Integral Equation Systems
(BDIESs) introduced in Part I, which are equivalent to the following mixed boundary value problem: Find a function u ∈ H 1 2 (Ω + ) satisfying the conditions
1)
2)
where r M denotes the restriction operator on M;
, a(x) > 0 for x ∈ R 3 ; ( · ) + denote the trace, and T + (x, n(x), ∂ x ) is the co-normal derivative operator correctly defined in the functional sense (see Section I.2).
To investigate the regularity and asymptotics of the BDIES solutions we will need the following In Section I.4.1 we derived the following third Green identity for arbitrary function u ∈
where 17) where y ∈ S.
As in Part I, from definitions (2.5)-(2.10) and (2.14)-(2.17) one can obtain representations of the parametrix-based surface potentials boundary operators in terms of their counterparts for a = 1, i.e. associated with the Laplace operator ∆, [17] , [7] , [8] , [16] ; see also [14] , [15] , where the coerciveness properties of the boundary operators and also the case of Lipschitz domains are considered).
Theorems 3.1-3.2 below generalize their counterparts formulated in Part I for Sobolev spaces.
They are well known (see e.g. the above references) for the case a = const. Using (2.18)-(2.21), one can easily prove they hold true also for the variable positive coefficient a ∈ C ∞ (R 3 ). 
are compact.
Proof. Theorem 3.2 implies that the operators V, W and W have the following mapping properties,
Since the embedding B s+1 p,q (S 2 ) ⊂ B s p,q (S 2 ) is compact, the proof follows.
Fredholm properties and invertibility of some surface potentials
In our analysis we essentially apply the following assertion about elliptic pseudo-differential operators on manifolds with boundary (for general theory see, e.g. [1] , [10] , [12] , [18] , [3] ). 
Then the operators
are Fredholm operators of index zero if
Moreover, the null-spaces of operators (3.4), (3.5) 
Then the pseudo-differential operators
have order −1 and are invertible, while the pseudo-differential operators
have order +1 and are Fredholm operators of index zero.
Proof. It is easy to show that
is the principal homogeneous symbol of the operator V, while the function
is the principal homogeneous symbol of the operator −L ± . 13) are invertible, while the operators
are bounded and the operators
Proof. By Theorem I.3.6, 
are invertible for all s ∈ R, 1 < p < ∞, and 1 ≤ q ≤ ∞ (cf. [16] ). 
Mapping properties of volume potentials
:
: to the mapping properties of pseudodifferential operators on R n (see, e.g., [10] , [18] ) and the trace theorems (see, e.g., [20] (Ω + ) and the trace theorem (see, e.g., [11] ). For the Newton potential of the Laplace operator we have the following representation
where n j (j = 1, 2, 3) are the components of the outward unit normal vector to S. Due to (3.29) and the mapping properties of the single layer potential (cf. Theorem 3.1) we conclude that
is continuous for j = 1, 2, 3, which along with formula (2.22) implies the continuity of operator (3.18) for It is evident that (3.22) and (3.26) are then the direct consequences of the trace theorem.
The word for word arguments show that the claims of the theorem concerning the operator R hold as well, which completes the proof. 
Regularity and asymptotic properties of solutions
In Section 4.1 below we will establish some regularity results for solutions of the mixed BVP and the BDIEs considered in Part I. In Section 4.2 we will apply these results (in particular, inclusions (4.14)) in the study of asymptotic behaviour of the solutions near the curve . Note that solution asymptotics for the boundary integral equations associated with the mixed BVP for constant-coefficient PDEs were considered in [19] .
We will deal with the BDIES (GT ) introduced in Section I.5.1, for the unknowns (u, ψ, ϕ) ∈
Throughout this section we assume that the right hand side of BDIES (4.1)-(4.3) is more smooth than in Part I, namely,
By Theorems 3.1 and 3.8 it will be particularly the case if F GT is generated by the right hand sides of BVP (2.1)-(2.3) as 4) cf. (I.5.5), where
Φ 0 is a fixed extension of ϕ 0 from the sub-manifold S D to the whole of S, Ψ 0 is a fixed extension of ψ 0 from the sub-manifold S N to the whole of S, and the following enhanced smoothness conditions
2 (S). 
Some auxiliary smoothness results
By Corollary I.5.4, the system of BDIEs (4.1)-(4.3) with the right hand side given by (4.6) has a unique solution
From equation (4.2) it follows that
due to Theorem 3.2 and mapping property (3.24).
Quite similarly, from equation (4.3) we get
where the operatorL is defined by (3.13).
Recall that (see [20] , Theorem 4.6.2)
Applying Theorem 3.5 and Corollary 3.6 for s ∈ ( 
for any p and s such that
By Theorem 3.1 we see that
with s and p as in (4.10).
Since Ru ∈ H 2 2 (Ω + ) for u ∈ H 1 2 (Ω + ), then from equation (4.1) and inclusions (4.11) along with the embedding theorems for the Besov spaces (see [20] , Section 4.6), we obtain the following Hölder continuity of the solution to the mixed BVP, Further, from (4.12) due to (3.20) and the trace theorem it also follows that
where s and p satisfy conditions (4.10). Then from formulas (4.8) and (4.9) for Ψ and Φ we get the following inclusions 
for all t ∈ (−∞, +∞), p ∈ (1, +∞) and ε > 0, we arrive from (4.13) at the relation
14)
where σ < 
Asymptotics of solution
In what follows we derive asymptotic expansion formulas in local co-ordinates for the components 
